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THE LAZARD FORMAL GROUP, UNIVERSAL
CONGRUENCES AND SPECIAL VALUES OF ZETA
FUNCTIONS
PIERGIULIO TEMPESTA
Abstract. A connection between the theory of formal groups and
arithmetic number theory is established. In particular, it is shown how
to construct general Almkvist–Meurman–type congruences for the uni-
versal Bernoulli polynomials that are related with the Lazard universal
formal group [31]-[33]. Their role in the theory of L–genera for multi-
plicative sequences is illustrated. As an application, sequences of integer
numbers are constructed. New congruences are also obtained, useful to
compute special values of a new class of Riemann–Hurwitz–type zeta
functions.
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2 PIERGIULIO TEMPESTA
1. Introduction: Formal group laws
The theory of formal groups [9], [16] has been intensively investigated
in the last decades, due to its relevance in many branches of mathematics,
especially algebraic topology [10], [7], [25], [15], the theory of elliptic curves
[29], and arithmetic number theory [1], [3], [31], [33].
Given a commutative ring R with identity, and the ring R {x1, x2, ..}
of formal power series in the variables x1, x2, ... with coefficients in R, a
commutative one–dimensional formal group law over R is a formal power
series Φ (x, y) ∈ R {x, y} such that [9]
1) Φ (x, 0) = Φ (0, x) = x,
2) Φ (Φ (x, y) , z) = Φ (x,Φ (y, z)) .
When Φ (x, y) = Φ (y, x), the formal group law is said to be commuta-
tive (the existence of an inverse formal series ϕ (x) ∈ R {x} such that
Φ (x, ϕ (x)) = 0 follows from the previous definition).
The relevance of formal group laws relies first of all on their close con-
nection with group theory. Precisely, a formal group law Φ(x, y) defines a
functor F : AlgR −→ Group, where AlgR denotes the category of commu-
tative unitary algebras over R and Group denotes the category of groups
[16]. The functor F is by definition the formal group (sometimes called the
formal group scheme) associated to the formal group law Φ(x, y).
As is well known, over a field of characteristic zero, there exists an equiv-
alence of categories between Lie algebras and formal groups.
Given a formal group law Φ(x, y), let Φ2(x, y) denote its quadratic part.
The Lie algebra (over the same ring) associated to Φ(x, y) is defined via the
identification [x, y] = Φ2(x, y) − Φ2(y, x). This equivalence of categories is
no longer true in a field of characteristic p 6= 0.
A crucial point is the relation between formal groups and cobordism the-
ory [10], [23], [25], [26]. Given a topological space S, consider the complex
cobordism theory of S, i.e. the generalized cohomology theory MU∗(S)
defined by the Thom spectrum MU .
Then there exists a universal commutative formal group law FMU associ-
ated to the cobordism theory. It turns out that its logarithm is logFMU (x) =∑
k≥0[CP
k]xk+1/k + 1, where [CP k] is the cobordism class of the complex
projective space CP k of complex dimension k.
A nice connection with combinatorial Hopf algebras and Rota’s umbral
calculus [27] was found in [7]. A combinatorial approach has also been
proposed in [5].
In the papers [31], [33] a relation between the Lazard formal group and the
theory of L–series has been established. A new class of Bernoulli–type poly-
nomials, called the Universal Bernoulli polynomials, have been introduced,
which were preliminarily studied in [32]. They are Appell polynomials de-
fined via the universal group exponential law.
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In [21], [22], the universal Bernoulli polynomials have been related to the
theory of hyperfunctions of one variable by means of an extension of the
classical Lipschitz summation formula to negative powers.
Due to the generality of their definition, the universal polynomials include
many (if not all) of the generalizations of the classical Bernoulli polynomi-
als known in the literature. In [1], [3], Kummer–type congruences for the
universal Bernoulli numbers have been derived.
Another interesting aspect is represented by the relation among Bernoulli
numbers, Hirzebruch’s theory of genera, and the computation of Todd classes
[18]. Indeed, in the context of complex cobordism theory, let ϕ be a multi-
plicative genus in the sense of Hirzebruch, and cn be the value of ϕ on the
complex projective n–space. Then the generating function t/G(t), where
G(t) is the universal formal group exponential (see Definition 1), is the
corresponding characteristic power series in Hirzebruch’s formalism. For in-
stance, the power series associated to the L–genus, the Todd genus and the
A–genus are special cases of the proposed construction. Consequently, the
generating function defining the polynomials BGk,a(x) can be interpreted as
some special value of the genus.
In this paper, we address the following general problem: Construct con-
gruences for the Universal Bernoulli polynomials and apply them to compute
special values of the related zeta functions.
Main result. A universal congruence, that generalizes the well–known
Almkwist–Meurman [4] and Bartz–Rutkowski [8] congruences to the case of
the universal Bernoulli polynomials, is proposed. Two families of polyno-
mials, related to the characteristic power series of important m–sequences
of the genera theory of algebraic topology, are introduced. They represent
nontrivial representations of the universal polynomials. Their arithmetic
properties are studied.
A second result, coming from the theory of universal congruences, is a
procedure enabling one to construct infinitely many sequences of integers
and polynomials with integral coefficients.
Finally, we deduce congruences for the values at negative integers of a new
class of Hurwitz–type zeta functions, that have been recently introduced in
[33]. Work is in progress on a p–adic generalization of the previous theory.
2. The Lazard universal formal group, the universal
Bernoulli polynomials and numbers
We recall some basic definitions, necessary in the subsequent discussion.
Definition 1. Consider the ring B = Z[c1, c2, ...] of integral polynomials in
infinitely many variables, and the formal group logarithm
(1) F (s) =
∞∑
i=0
ci
si+1
i+ 1
,
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with c0 = 1. Let G (t) be its compositional inverse (the formal group expo-
nential):
(2) G (t) =
∞∑
i=0
γi
ti+1
i+ 1
so that F (G (t)) = t. We have γ0 = 1, γ1 = −c1, γ2 = 32c21 − c2, . . .. The
Lazard formal group law [16] is defined by the formal power series
(3) Φ (s1, s2) = G (F (s1) + F (s2)) .
The coefficients of the power series G (F (s1) + F (s2)) lie in the ring B⊗Q
and generate over Z a subring A ⊂ B ⊗Q, called the Lazard ring L.
For any commutative one-dimensional formal group law over any ring R,
there exists a unique homomorphism L→ R under which the Lazard group
law is mapped into the given group law (the so called universal property of
the Lazard group).
In [31], the following family of polynomials has been introduced.
Definition 2. The universal higher–order Bernoulli polynomials B̂
(α)
k (x, c1, ..., cn) ≡
B̂
(α)
k (x) are defined by the relation
(4)
(
t
G (t)
)α
ext =
∑
k≥0
B̂
(α)
k (x)
tk
k!
, x, α ∈ R.
(wherever the l.h.s. makes sense). Notice that if α = 1, ci = (−1)i, then
F (s) = log (1 + s) , G (t) = et − 1, and the universal Bernoulli polynomials
and numbers reduce to the standard ones. For sake of simplicity, we will
put B̂
(1)
k (x) ≡ B̂k (x) and B̂(1)k (0) ≡ B̂k.
The quantities B̂k ∈ Q [c1, c2, . . .] coincide with Clarke’s universal Bernoulli
numbers [13].
The universal Bernoulli numbers satisfy some very interesting congru-
ences. In particular, we will discuss briefly the universal Von Staudt’s con-
gruence [13] (that generalizes the classical Clausen–von Staudt congruence
and several variations of it known in the literature) and the universal Kum-
mer congruence [1]. Both congruences have a distinguished role in algebraic
geometry [7], [20].
The universal Bernoulli polynomials (4) possess many remarkable prop-
erties. By construction, for any choice of the sequence {cn}n∈N they rep-
resent a class of Appell polynomials. It means that, for all k ∈ N/{0},
DB̂
(α)
k (x) = kB̂
(α)
k−1 (x), where D denotes the derivative operator. The bi-
nomial property holds:
(5) B̂(α)n (x+ y) =
n∑
m=0
(
n
m
)
B̂(α)m (x)y
n−m.
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We also mention that in the paper [32], several families of polynomial
obtained by specializing eq. (4), i.e. the Bernoulli–type polynomials of
first and second kind, as well as related Euler polynomial sequences, were
studied.
3. Generalized Almkvist–Meurman congruences
3.1. Some universal congruences. We mention here only two of the most
relevant properties of the universal Bernoulli numbers B̂n [1].
i) The universal Von Staudt’s congruence [13].
Let B̂0 = 1, and if n > 0 is even, then
(6) B̂n ≡ −
∑
p−1|n
p prime
c
n/(p−1)
p−1
p
mod Z [c1, c2, ...] ;
Let B̂1 = c1/2 and if n > 1 is odd, then
(7) B̂n ≡ c
n
1 + c
n−3
1 c3
2
mod Z [c1, c2, ...] .
When cn = (−1)n, the celebrated Clausen–Von Staudt congruence for
Bernoulli numbers is obtained.
ii) The universal Kummer congruences [1], [3].
The numerators of the classical Bernoulli numbers play a special role, due
to the Kummer congruences and to the notion of regular prime numbers,
introduced in connection with Fermat’s Last Theorem. The relevance of
Kummer congruences in algebraic geometry has been enlightened in [7]. As
shown by Adelberg, the numbers B̂n satisfy a universal congruence. Suppose
that n 6= 0, 1 (mod p− 1). Then
(8)
B̂n+p−1
n+ p− 1 ≡
B̂n
n
cp−1 mod pZp [c1, c2, ...] .
We recall that in [11], [12], Carlitz studied Kummer congruences for spe-
cific values of the variables ci.
Interesting congruences modulo prime numbers and for the cases n ≡ 0, 1
mod p−1 have been proved by Adelberg in [2] and by Hong, Zhao and Zhao
in [19].
Almkvist and Meurman in [4] discovered a remarkable congruence for the
classical Bernoulli polynomials:
(9) knB˜n
(
h
k
)
∈ Z,
where k, h are positive integers, B˜n(t) := Bn(t) − Bn(0), and Bn(x) are
the Bernoulli polynomials. Bartz and Rutkowski [8] have proved a theorem
which combines the results of Almkvist and Meurman [4] and Clausen–von
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Staudt. Simpler proofs of the original one proposed in [4] have also been
provided in [14] and [30].
The main result of this section is a generalization of the Almkvist–Meurman
(AM) and Bartz–Rutkowski theorems for the universal polynomials (4). We
will adopt the notation BGn (x) to denote the family of generalized Bernoulli
polynomials (4) associated with a given G(t) (corresponding to a choice of
the indeterminates ci) with α = 1. Also, B
G
n (0) := B
G
n .
Theorem 1. Let h > 0, k > 0, n ≥ 0 be integers. Consider the polynomials
defined by
t
G (t)
ext =
∑
i≥0
BGi (x)
ti
i!
,
where G (t) is a formal group exponential, such that ci ∈ Z for all i. Assume
that cp−1 ≡ 0, 1 mod p for all odd primes p, and either c1 ≡ c3 mod 2, or c1
is odd and c3 even. Then
(10) knB˜Gn
(
h
k
)
∈ Z,
where B˜Gn (x) = B
G
n (x)−BGn .
Proof. First, we shall establish a result crucial in the proof of Theorem 1.
Lemma 1. Under the assumptions of Theorem 1, we have that
(11)
n−1∑
m=0
(
n
m
)
kmBGm ∈ Z.
A relation useful in the proof of this statement is the following congruence,
valid for any prime number p ≥ 2, first established by Hermite for n odd in
[17], and then proved in full generality in [6]:
(12)
n−1∑
m=1
p−1|m
(
n
m
)
≡ 0 mod p.
Then, we have
n−1∑
m=0
m even
(
n
m
)
kmBGm ≡ −
n−1∑
m=2
m even
∑
p odd prime
p−1|m
(
n
m
)
km
c
m/(p−1)
p−1
p
(13)
+
n−1∑
m=2
m even
(
n
m
)
km
cm1
2
mod Z,
n−1∑
m=1
m odd
(
n
m
)
kmBGm ≡
nc1k
2
+
n−1∑
m=3
m odd
cm1 + c
m−3
1 c3
2
(
n
m
)
km mod Z.(14)
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The congruences (13) and (14) hold due to the universal congruences (6)
and (7), and by taking into account that BG0 = 1.
Let us assume that cp−1 ≡ 1 mod p for p odd (the case cp−1 ≡ 0 mod p
will follow immediately).
Concerning the congruence (13), in the r.h.s. we can suppose that in each
addend of the first sum p ∤ k; otherwise the addend would contribute an
integer. Since p ∤ k and p − 1 | m, we can use Fermat’s Little Theorem,
and deduce that km ≡ 1 mod p. Then the first sum is an integer, due to
congruence (12).
By summing up the congruences (13) and (14), we get
n−1∑
m=0
(
n
m
)
kmBGm ≡
n−1∑
m=1
(
n
m
)
km
cm1
2
+
n−1∑
m=3
m odd
cm−31 c3
2
(
n
m
)
km mod Z
The first sum in the last congruence is an integer, due to relation (12) for
p = 2 and the obvious fact that either the product kmcm1 is even, or when
is odd, its contribution in each summand does not change the parity of the
sum. The remaining sum gives also an integer. Indeed,
n−1∑
m=3, m odd
(
n
m
)
=
{
2n−1 − n if n is even,
2n−1 − n− 1 if n is odd
is even, and under the hypotheses of the theorem the factor cm−31 c3k
m does
not change its parity. Consequently, Lemma 1 follows.
We can now complete the proof of Theorem 1, by using first the induction
principle on n, for h fixed. We observe that the cases n = 0 and n = 1 are
trivial, due to the fact that B˜0(x) = 0 and B˜1(x) = x. We assume the
property true for indices m < n. Then for the index n, we consider the base
case h = 0 and we proceed again by induction on h 6= 0.
By virtue of (5) for x = hk and y =
1
k we get
knBGn
(
h+ 1
k
)
=
n∑
m=0
(
n
m
)
kmBGm
(
h
k
)
.
For h = 0, the theorem is obviously true. Assume that it holds for h 6= 0.
We obtain:
knB˜Gn
(
h+ 1
k
)
− knB˜Gn
(
h
k
)
=
n−1∑
m=0
(
n
m
)
kmB˜Gm
(
h
k
)
+
n−1∑
m=0
(
n
m
)
kmBGm.
The induction hypothesis, together with the base case h/k = 0, shows
that the theorem holds for all rational numbers h/k.

3.2. Related results. The next theorem is a direct generalization of the
Bartz–Rutkowski theorem, proved in [8].
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Theorem 2. Under the hypotheses of Theorem 1, we have that if n is even
or n=1,
(15) knBGn
(
h
k
)
+
∑
p−1|n
p∤k
c
n/p−1
p−1
p
∈ Z;
if n ≥ 3 is odd,
(16) knBGn
(
h
k
)
∈ Z.
Proof. If s is a positive integer, then, under the same hypotheses of Theorem
1, we have
(17) (sn − 1)
∑
p−1|n
p∤s
c
n/(p−1)
p−1 /p ∈ Z.
This is a consequence of Fermat’s little Theorem: if s ∈ Z, and p ∤ s, then
sp−1 ≡ 1 mod p. Therefore, if cp−1 ≡ 1 mod p for all primes p ≥ 2, we
deduce the congruence (17).
In order to obtain the result, it is sufficient to combine Theorem 1, the
universal von Staudt congruences (6), (7) and relation (17). 
Strictly related to the AM theorem is an interesting problem proposed to
the author by A. Granville [24].
Problem: To classify the sequences of polynomials {Pn(x)}n∈N satisfying
the Almkvist–Meurman property
(18) knPn
(
h
k
)
∈ Z, ∀ h, k, n ∈ N, k 6= 0.
We shall call this class of sequences the Granville class.
We observe that Theorem 1 provides a tool for generating a large family
of polynomial sequences satisfying the property (18).
4. The Todd genus, the L- and A-genera and related universal
polynomials
In this section, we will show that there exists a close connection between
the m–sequences of Hirzebruch’s theory of genera and the Lazard formal
group, via the universal congruences previously discussed. To this aim, we
will introduce two classes of polynomials related to specific cases of the K–
genus of an almost complex manifold, that can be interpreted as particular
instances of the construction of universal Bernoulli polynomials.
To fix the notation, let R be a commutative ring with identity, and R =
R [p1, p2, . . .] be the ring of polynomials in the indeterminates pi with coeffi-
cients in R. We assume that the product pk1 . . . pkr has weight k1+ . . . kr, so
that R =∑∞n=0Rn, where Rn contains only polynomials of degree n. Con-
sider a multiplicative sequence (or m–sequence) of polynomials {Kn} in the
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indeterminates pi with K0 = 1 and Kn ∈ Rn, j ∈ N. As is well known, an
m–sequence is completely determined by the specification of the associated
characteristic power sequence Q(z) (see [18] for details).
The polynomials {Tk (c1, . . . , ck)} of the m–sequence associated with the
power series Q(x) = x/ (1− e−x) are called the Todd polynomials (here we
adopt the conventional notation x = z2 and
∞∑
i=0
pi(−z)i =
 ∞∑
j=0
cj(−x)j
( ∞∑
i=0
cix
i
)
for the relation among the pi’s and the ci’s).
Now, let Mn be a compact, differentiable of class C
∞ almost complex
manifold of dimension n, and let ci ∈ H2i(Mn,Z) denote the Chern classes
of the tangent GL(n,C)–bundle of Mn. The K–genus of Mn, denoted by
Kn[Mn], is a ring homomorphism with respect to the cartesian product of
two almost complex manifolds.
The genus associated with the sequence of Todd polynomials can be in-
troduced in general for an admissible space A , i.e. a locally compact, finite
dimensional space, with A = ∪j∈NSj, where Sj are compact sets. Let us
denote by b a continuous GL(q,C)–bundle over A, with Chern classes ci ∈
H2i(A,Z). The total Todd class is given by Td(b) =
∑∞
k=0 Tk(c1, . . . , ck).
When q = 1 and c1(b) = t ∈ H2(A,Z), we have Td(b) = t/
(
1− e−t). For an
almost complex manifold Mn, the Todd genus is defined to be the rational
number Tn[Mn] = Td(b(Mn))
(2n), where u(2n) denotes the 2n–dimensional
component of u ∈ H∗(Mn).
A similar construction applies in relation with the theory of L–genus,
which is the genus associated with them–sequence with characteristic power
series Q(
√
z) =
√
z/ tanh
√
z, and denoted by Lk(p1, . . . , pk). The A–genus
is associated with the m–sequence with characteristic power series Q(z) =
2
√
z/ sinh 2
√
z.
The aim of this section is to study the algebro–geometric properties of the
m–sequences discussed above. We introduce now two families of polynomials
related to the genus of these sequences.
Definition 3. We shall call α–polynomials the family of polynomials gen-
erated by the characteristic power series associated with the A–genus:
(19)
2teyt
sinh 2t
=
∑
k≥0
αk (y)
tk
k!
.
The α–polynomials are particular cases of the Universal Bernoulli poly-
nomials (4); also the Todd polynomials are directly related to the No¨rlund
Bernoulli polynomials. The next result relates these polynomials with the
universal AM congruences.
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Proposition 1. Let α˜n(x) denote the polynomials generated by
(20)
2t(eyt − 1)
sinh 2t
=
∑
k≥0
α˜k (y)
tk
k!
.
The sequence {α˜n(x)}n∈N is in the Granville class.
Proof. It is sufficient to observe that the following identity holds:
(21)
t
2 sinh t
= t/(et − 1)− t/(e2t − 1).
Consequently, the sequence {α˜n(x)}n∈N satisfies the hypotheses of Theorem
1. The details are left to the reader. 
The Cauchy formula relates Q(z) with sn, which is defined to be the
coefficient of pn in the polynomial Kn:
(22) 1− z d
dz
logQ(z) =
∞∑
j=0
(−1)jsjzj .
A similar construction can be proposed in relation with the L–genus.
Definition 4. We shall define the λ–polynomials to be the family of poly-
nomials generated by the characteristic power series associated with the L–
genus:
(23)
teyt
tanh t
=
∑
k≥0
λk (y)
tk
k!
.
A completely analogous result also holds for the associated polynomials
{λ˜n(x)}n∈N.
Proposition 2. Let λ˜n(x) denote the polynomials generated by
(24)
t(eyt − 1)
tanh t
=
∑
k≥0
λ˜k (y)
tk
k!
.
The sequence {λ˜n(x)}n∈N is in the Granville class.
5. Universal congruences and integer sequences
5.1. Sequences of integer numbers. In this section, both sequences of
integer numbers and Appell sequences of polynomials with integer coeffi-
cients are constructed as a byproduct of the previous theory.
Lemma 2. Consider a sequence of the form
(25)
t
G1 (t)
− t
G2 (t)
=
∞∑
k=0
Nk
2 k!
tk,
where G1 (t) and G2 (t) are formal group exponentials, defined as in formula
(2). Assume that c
Gj
i ∈ Z for all i ∈ N, j = 1, 2 and cG1p−1 ≡ cG2p−1 mod p for
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all p ≥ 2 (here cGjn denotes the nth coefficient of the expansion (1) for the
logarithm associated to Gj). Then {Nk}k∈N is a sequence of integers.
Proof. The Bernoulli–type numbers BG1k and B
G2
k associated with the for-
mal group exponentials G1(t) and G2(t), under the previous assumptions
for k even must satisfy Clarke’s universal congruence (6). For k odd, these
numbers are integers or half–integers, due to (7). It follows that the differ-
ence BG1k − BG2k for k even is an integer and for k odd is a half–integer or
an integer. The result follows from the definition of {Nk}k∈N in (25). 
5.2. Construction of integer sequences. a) The characteristic power
series obtained as the difference between the power series associated with
the L–genus and that one associated with the Todd genus, i.e. Q(t) =
t/ tanh t− t/(1− e−t) is the generating function of the sequence
(26) − 1, 1, 0,−1, 0, 3, 0,−17, 0, 155, . . .
b) In [33], realizations of the universal Bernoulli polynomials were con-
structed by using the finite operator theory [27]. Here we quote two gener-
ating functions of these classes of polynomials, related to certain difference
delta operators:
∞∑
k=0
BVk (x)
k!
tk =
text
e3t − 2e2t + 2et − 2e−t + e−2t ,
∞∑
k=0
BV IIk (x)
k!
tk =
−text
e4t − e3t + e2t − 2et + e−t − e−2t + e−3t .(27)
The sequences associated with the generating functions (27) satisfy the
classical Clausen–von Staudt congruence. Since Nk = 2(B
G1
k − BG2k ), they
can be used to construct integer sequences of numbers and polynomials.
Here are reported some representatives of generating functions of integer
sequences which can be obtained from the previous considerations.
b.1)
t(1 + et)
2(1 + et − e2t) .
The sequence generated is 2, 6, 39, 324, 3365, 41958, . . .
b.2)
−2t (1 + 2 cosh t+ 4cosh 2t− 6 sinh t)
(−6 + 8 cosh t)(2 + cosh t− cosh 2t− sinh t+ sinh 2t+ 2 sinh 3t) .
The sequence generated is −7, 61,−642, 10127,−207110, 5001663, ...
5.3. Polynomial sequences with integer coefficients. As an immediate
consequence of the previous results, we can also construct new sequences of
Appell polynomials possessing integer coefficients.
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Lemma 3. Assume the hypotheses of Lemma 2. Then any sequence of
polynomials of the form
(28)
[
t
G1 (t)
− t
G2 (t)
]
ext =
∞∑
k=0
Nk (x)
2k!
tk
is an Appell sequence with integer coefficients.
Proof. The generating function (28), being of the form f(t)ext, determines
an Appell sequence of polynomials. In particular, the coefficients of each
polynomial Nk (x) of the sequence are determined by the function f(t). The
thesis follows by combining the result of the previous Lemma 2 with the
choice f(t) =
[
t
G1(t)
− tG2(t)
]
. 
As an example, consider the sequence of polynomials {pn(x)}n∈N, generated
by
(29) − te
− 3t
2 sech( t2)
[
4 + et(1 + 2et(−1 + et))]
2(−3 + 4 cosh t)(1 + (−2 + 4 cosh t) sinh t)e
xt.
It is easy to verify that (29) is the generating function of a sequence of
Appell polynomials. The first polynomials of the sequence are
p0(x) = −5, p1(x) = 29− 10x,
p2(x) = −150 + 87x− 15x2,
p3(x) = 1279 − 600x+ 174x2 − 20x3
p4(x) = −17770 + 6395x − 1500x2 + 290x3 − 25x4, . . . .
6. A class of Riemann–Hurwitz zeta functions and their values
at negative integers
The previous results enable us to compute special values of a new class
of zeta functions, recently introduced in [33] (here we propose a different
formulation of this class). An important particular example of this class
is the celebrated Riemann–Hurwitz zeta function. In order to make this
Section self–consistent, some necessary definitions are recalled.
6.1. Hurwitz zeta functions and formal group laws.
Definition 5. Let G(t) be a formal group exponential, such that e−at/G(t)
is a C∞ function over R+, rapidly decreasing at infinity. The generalized
Hurwitz zeta function associated with G is the function ζG (s, a), defined for
Re(s) > 1 and a > 0 by
(30) ζG (s, a) =
1
Γ (s)
∫ ∞
0
e−ax
G (x)
xs−1dx.
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When G(x) = 1 − e−x, we obtain the classical Hurwitz zeta function,
which converges absolutely for Re(s) > 1 and extends to a meromorphic
function in C, represented as a Mellin transform
ζ (s, a) =
∞∑
n=0
(n+ a)−s =
1
Γ (s)
∫ ∞
0
e−ax
1− e−xx
s−1dx.
By means of an analysis of the singularities of both the integral in (30)
and of Γ(s), we deduce that ζG(s, a) can be analytically continued to the
whole complex plane, with a simple pole at s = 1. Consequently, we get the
following result, generalizing a classical property of the standard Bernoulli
polynomials.
Proposition 3. For any m ∈ N, the following property holds:
(31) ζG (−m,a) = −B
G′
m+1 (a)
m+ 1
,
where according to eq. (4), BG
′
m (x) is the m–th generalized Bernoulli poly-
nomial associated with the formal group exponential G′(t) := −G(−t) (with
α = 1).
The main result of this section is the following interesting congruence for
the generalized Riemann–Hurwitz zeta functions (30).
Theorem 3. Let G (t) be a formal group exponential, according to Def. 5,
such that ci ∈ Z for all i = 1, 2, . . .. Assume that cp−1 ≡ 1 mod p for all
primes p ≥ 2, and c1 ≡ c3 mod 2, or c1 odd and c3 even. Then
(32) nknζG(1− n, h/k) ∈ Z,
for all h > 0, k > 0 integers and n odd, n ≥ 3.
Proof. We can use the previous Proposition 3 withm = n−1 in the property
(31). The result is a consequence of the statement of Theorem 2. 
The case n even or n = 1 is very similar and is left to the reader.
6.2. The χ–universal numbers from Dirichlet characters and con-
gruences. Let us consider now the case of zeta functions, associated with
formal group laws, depending on a Dirichlet character. In the following,
given N ∈ N, N 6= 0, we will denote by χ(n) a Dirichlet character with
conductor N .
We propose the following definition.
Definition 6. Let χ be a nontrivial Dirichlet character of conductor N .
The Bernoulli χ–numbers BGn,χ related with the formal group law associated
with the formal group exponential G are defined by
(33) BGn,χ := N
n−1
N∑
a=1
χ (a)BGn
( a
N
)
.
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Similarly, the universal Bernoulli χ–numbers are defined by
(34) B̂n,χ := N
n−1
N∑
a=1
χ (a) B̂n
( a
N
)
.
It is possible to define zeta functions related to Dirichlet characters and
formal group laws via the formula
(35) L (G,χ, s) =
1
N s
N∑
j=1
χ (j) ζG
(
s,
j
N
)
.
The following result provides a congruence for the class of zeta functions
(35).
Corollary 1. Under the hypotheses of Theorem 3, we have for n odd, n ≥ 3
(36) nNL (G,χ, 1− n) ∈ Z(χ),
where Z(χ) denotes the integral extension of Z generated by the values of
the non-trivial character χ.
Proof. It is sufficient to invoke the same argument used in Theorem 3. 
Appendix
Here we report the explicit expressions of the first universal Bernoulli
polynomials.
B̂0(x) = 1 B̂1(x) = x+ c1/2, B̂2(x) = x
2 + xc1 − c2/2 + 2c2/3,
B̂3(x) = x
3 + 3/2 x2c1 +
(
2c2 − 3/2 c21
)
x+ (3c31)/2− 3c1c2 + 3c3/2,
B̂4(x) = x
4 + 2x3c1 +
(
4c2 − 3c21
)
x2 +
(
6c31 − 12c1c2 + 6c3
)
x
+ 20c21c2 − 16/3 c22 − 12c1c3 + 24/5 c4 − 15c41/2,
B̂5(x) = x
5 + 5/2 x4c1 +
(
20/3 c2 − 5c21
)
x3 +
(
15c31 − 30c1c2 + 15c3
)
x2
+
(
100 c21c2 − 75/2 c41 − 80/3 c22 − 60c1c3 + 24c4
)
x+ 105/2 c51 − 175c31c2
+ 100 c1c
2
2 + 225/2 c
2
1c3 − 50c2c3 − 60c1c4 + 20c5.
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